Quantum transducers can transfer quantum information between different systems. Microwaveoptical photon conversion is important for future quantum networks to interconnect remote superconducting quantum computers with optical fibers. Here we propose a high-speed quantum transducer based on a single-photon emitter in an atomically thin membrane resonator that can couple single microwave photons to single optical photons. The 2D resonator will be a freestanding van der Waals heterostructure (may consist of graphene, hexagonal boron nitride, or other 2D materials) that hosts a quantum emitter. The mechanical vibration (phonon) of the 2D resonator interacts with optical photons by shifting the optical transition frequency of the single-photon emitter with strain or the Stark effect. The mechanical vibration couples to microwave photons by shifting the resonant frequency of a LC circuit that includes the membrane. Thanks to the small mass of the 2D resonator, both the single-photon optomechanical coupling strength and the electromechanical coupling strength can be about 100 MHz. This provides a way for high-speed quantum state transfer between a microwave photon, a phonon, and an optical photon.
I. INTRODUCTION
In the past few years, optomechanical and electromechanical systems have gained remarkable attentions for achieving coherent quantum control [1] . These hybrid devices are leading candidates for transferring quantum information between different forms, such as photonic, phononic, electronic, and spin states [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In particular, the opto-electro-mechanical coupling of single microwave (or radio-frequency) photons to single optical photons is attractive for future quantum technologies [4] [5] [6] [7] [8] [9] . One potential application will be to use optical photons to coherently interconnect remote superconducting quantum computers that use microwave photons. Converting classical microwaves to optical lights has been achieved with metal-coated Si 3 N 4 (or SiN) membrane resonators (thickness ∼ 100 nm) [5, 6] embedded in LC circuits, and nanobeam piezo-optomechanical crystal cavities (thickness ∼ 200 nm) [4, 7] .
Converting a single microwave photon to a single optical photon has been a challenging task. It is difficult to reach the strong coupling regime with single photons, which requires the single-photon optomechanical and electromechanical coupling strengths to be larger than the optical decay rate, the mechanical decay rate, and the microwave decay rate. In 2016, a state-of-the-art * yinzhangqi@tsinghua.edu.cn † tcli@purdue.edu experiment reported a remarkable single-photon optomechanical coupling strength of 1.1 MHz in a nanobeam optomechanical crystal cavity [7] . While it is much larger than the 30 kHz optomechanical coupling strength in a previous experiment [4] , the 1.1 MHz optomechanical coupling strength is still much smaller than the optical decay rate (5.2 GHz) of the nanobeam optomechanical crystal cavity in that experiment [7] .
In this paper, we propose a quantum transducer that couples a single microwave photon to a single optical photon with a quantum emitter in a suspended 2D membrane (Fig.1) . The 2D membrane is a freestanding van der Waals heterostructure. It may consist of graphene, hexagonal boron nitride (h-BN), transition metal dichalcogenide (TMDC), or other 2D materials. The graphene will be a part of a capacitor in a LC circuit that couples the mechanical vibration (phonon) of the 2D membrane to microwave photons in the circuit [13, 14] . The h-BN/TMDC layers host a single-photon emitter [15] [16] [17] [18] [19] [20] that couples its mechanical vibration to single optical photons with strain or the Stark effect [21] [22] [23] . The single-photon emitter replaces the role of the optical cavity in the former opto-electro-mechanical systems [4] [5] [6] [7] [8] [9] . Here the mechanical vibration of the 2D resonator couples to the electron orbital state of the singlephoton emitter, instead of its electron spin state [24] [25] [26] [27] [28] . Thus it does not require a magnetic field gradient. We propose to apply a constant voltage to the graphene electrode to increase the strain of the 2D membrane and the charge in the LC circuit to achieve the single-photon strong coupling regime. The mechanical vibration fre- quency of the 2D membrane can be tuned by a few GHz with a voltage-controlled strain to match the frequency of a superconducting qubit, which is typically about 5 GHz [29, 30] .
The proposed quantum transducer with a singlephoton emitter in a 2D resonator (Fig.1 ) has several advantages. At low temperatures, the intrinsic linewidth of the zero-phonon line (ZPL) of a single-photon emitter can be much smaller than the linewidth of a nanoscale optical cavity (typically a few GHz) [7] . Linewidths down to 50 MHz has been experimentally observed for quantum emitters in h-BN at 5K [31] . Thanks to the small mass of a 2D resonator, both single-photon optomechanical coupling strength and single-photon electromechanical coupling strength of this system can be about 100 MHz under suitable conditions, which can be larger than the optical decay rate (∼ 50 MHz), mechanical decay rate (∼ 100 kHz), and the microwave decay rate (∼ 100 kHz) of this system [13, [31] [32] [33] . Thus the system can reach the strong coupling regime with single photons. Ideally, the quantum transducer can be put together with a superconducting quantum processor in a dilution refrigerator below 50 mK to operate [29, [33] [34] [35] . Because of the high vibration frequency (> 1 GHz), the relevant mechanical mode of a nanoscale 2D resonator will be automatically prepared in the quantum ground state in a dilution refrigerator. Thus no optical cooling is required to reach the quantum regime.
Our proposal is based on recent progresses in atomically thin mechanical resonators (e.g., a suspended graphene membrane) [33] , and single-photon emitters in TMDC monolayers [15] [16] [17] [18] and h-BN [19, 20] . Suspended 2D membranes have outstanding mechanical properties such as ultrahigh Young's modulus and the ability to sustain remarkable strain without breaking [36, 37] . These mechanical systems can be precisely engineered with high quality factors [34, 35, 38, 39] . A graphene mechanical resonator with a quality factor of 10 5 has been capacitively coupled to a superconducting microwave cavity [39] . Their extremely small mass and out-of-plane stiffness give them a large zero-point vibration amplitude for strong coupling. h-BN has a bandgap of about 6 eV, and can host single photon emitters deep inside its bandgap, which is stable even at room temperature [19, 20] . These quantum emitters exhibit narrow ZPL distributed over a large range from 550 nm to 800 nm [31] . Monolayer tungsten diselenide (WSe 2 ) has a direct bandgap of about 1.9 eV, and can host localized single photon emitters at low temperature [15] [16] [17] [18] . Optical properties and energy-levels of single-photon emitters in 2D materials can be modulated by applying strains or external fields [20, 25, 40] . For example, bright and photostable single-photon emitters embedded in hexagonal boron nitride shows great spectra tunability under strain control [20] . Localized emitters in a monolayer WSe 2 are demonstrated to have efficient spectra tunability by the Stark effect [40] . It is remarkable that a 5-layer van der Waals heterostructure consisting graphene, h-BN, WSe 2 , h-BN, and graphene has been assembled to measure the Stark effect [40] . These emitters are stable during material transfer. These properties make it possible to realize strong optomechanical and electromechanical couplings with single-photon emitters in a suspended 2D resonator. Our proposal only requires a 3-layer or 2-layer freestanding van der Waals heterostructure (Fig.1) . Similar heterostructure 2D resonators have been demonstrated at room temperature already [41] . Their quality factor will be much higher at low temperatures.
In the following parts of this paper, we will first describe the model in section II, and discuss the mechan-ical vibration feature in section III. The electromechanical coupling and optomechanical coupling based on the strain and the Stark effect will be calculated in section IV and V. We show that this hybrid system can reach strong coupling regime under proper experimental conditions. In section VI, we simulate a scheme of high speed quantum state transfer from a microwave photon to an optical photon, which demonstrates that a high fidelity can be achieved through optical readout. In the last section, we briefly summarize the results of the paper.
II. MODEL
As show in Fig.1 , we consider a quantum transducer with a freestanding van der Waals heterostructure consisting of graphene and hexagonal boron nitride (and/or a TMDC monolayer) that hosts a quantum emitter. The electron orbital state of a single photon emitter embedded in this membrane couples to the mechanical bending modeb. Therefore, the spontaneous emission spectrum (e.g., around 600 nm) of the single photon emitter is dependent on the mechanical modeb. The mechanical oscillator also forms a capacitor with the bottom electrode, which couples the mechanical modeb to the electric microwave modeĉ.
An example of the 2D membrane is shown in Fig.1(b) . In this example, a top graphene monolayer is connected to the electric circuit and forms a capacitor with the bottom electrode ( Fig.1(a) ) . An intermediate h-BN insulating monolayer separates the graphene from the bottom h-BN or TMDC (e.g., WSe 2 , MoS 2 ) monolayer which contains a single-photon emitter. At low temperature (T < 50mK), the quality factor of the mechanical resonator will be very high [39] . The electronic excited state |e of the single-photon emitter in this 2D membrane couples strongly to the lattice strain and the external electric field [20, 21, 40] . The lattice strain will change when the membrane vibrates. If we apply a bias voltage V dc to the graphene electrode, the electric field between the graphene and the bottom electrode will be about V dc /(d − x), where d is the thickness of the insulator, and x is the displacement of the membrane towards the bottom electrode ( Fig.1(a) ). The vibration of the membrane will change the electric field. Thus the electron orbital state |e of the quantum emitter can be coupled to the mechanical bending modeb by the lattice strain or the Stark effect. Finally, the photon emission from the spontaneous decay of the electron orbital state |e couples to the mechanical modeb.
Another possible membrane containing 2 atomic layers is shown in Fig.1(c) . The top layer hosts a single photon emitter to couple the optical photon and mechanical phonon through strain effect. The bottom layer will be used to apply electric force onto the membrane to tune its strain and resonant frequency, and couple its mechanical motion to a microwave photon in a LC circuit. A hole is fabricated in the bottom graphene monolayer to minimize the absorption of photons by graphene [42] .
A driving laser at the red sideband of the emitter's optical transition |g ↔ |e will be applied to induce resonant coupling between the electron orbital state and the mechanical modeb, and read out the quantum state optically. The frequency of the driving laser will be ω L = ω 0 −ω m , where ω 0 is the optical resonant frequency of the single photon emitter when the 2D resonator is at its equilibrium position, and ω m is the vibration frequency of the 2D membrane. As will be discussed further in Sec. VI, the optical driving field is typically assumed to only a few times of the single photon field, which is extremely weak.
The suspended membrane also forms a capacitor which couples the mechanical vibration to microwave photons at the frequency ω LC . As shown in Fig.1(d) , the 2D membrane capacitor C m (x) is a part of a LC resonator that contains additional capacitors C 0 , C 1 and an inductor L 1 . Since C m (x) depends on the position of the 2D membrane, the mechanical modeb couples to the microwave modeĉ. A constant bias voltage V dc is applied to the membrane to tune the coupling strength. A very large inductor L 2 L 1 and a large capacitor
) are used to isolate the constant bias voltage V dc and the high-frequency microwave signal in the LC resonator. The large inductor L 2 prevents the GHz microwave photon from leaking to the V dc connector. The capacitor C 1 prevents a DC current passing the L 1 inductor. The resonant frequency of the LC circuit is ω LC ≈ 1/ L 1 (C m (x) + C 0 ). We assume that the coupling rates are much less than the mode spacing of these resonators so that only one mode is relevant for each degree of freedom.
The Hamiltonian of the system takes the form [13, 14, 21] 
where φ and q correspond to the flux in the inductor and the charge on the capacitors, respectively. For the excited state |e of the single photon emitter, the electronphonon interaction leads to the energy shift of the ZPL, which results in the dependence of the frequency ω(x) of the ZPL on the displacement of the membrane x. Here we introduce the phonon creation(annihilation) operator b † (b) and microwave photon creation(annihilation) operator c † (c) , with
where x zpf = /(2m ef f ω m ), q zpf = /(2Lω LC ) are zero-point fluctuations of the mechanical mode and the microwave mode, respectively. Then the Hamiltonian can be is given by H = H 0 + H I , where (see details in Appendix A)
Here ω 0 is the frequency of the optical transition at equilibrium position, g om and g em are optomechanical and electromechanical coupling rates, respectively. The optical, mechanical and electrical damping rates are κ (∼ 2π·50 MHz), Γ m (∼ 2π·100 kHz) and Γ LC (∼ 2π· 100 kHz), respectively [13, 32, 33, 39] . To enter the strong coupling regime, g om and g em need to exceed these three damping rates [43] . For some applications, only large cooperativities [44, 45] ,
III. MECHANICAL VIBRATION
The mechanical resonator ( Fig. 1 ) that we discuss here is based on doubly clamped ultrathin 2D materials like graphene, h-BN or WSe 2 [47, 48] . These materials have ultrahigh Young's modulus (∼ 1000 GPa) and can sustain strains up to 25% without breaking. Experiments have examined the relation between the frequency of the fundamental mechanical bending mode and the dimensions of the 2D membrane [33, 46] . For mechanical resonators under tension T , the fundamental flexural mode frequency ω 0 is given by [33, 46] : where w, l and h are the width, length and thickness of the structure, respectively. A is the clamping coefficient, which is 1.03 for doubly clamped membranes [36] . Y is the Young's modulus and T is the pre-tension of the suspended 2D materials. The typical initial tension of a doubly clamped suspended graphene has been measured in Ref. [36] to be about 0.01 N/m. The frequency of the fundamental flexural mode as a function of the thickness of the 2D membrane is shown in Fig.2(a) . The length and width of the membrane are assumed to be l = 110nm and w = 1µm, respectively. The thickness of a real 2D membrane is discrete, corresponds to certain points in this plot. A transition from flexible membrane to stiff plate mechanical behaviors can be observed in this figure. For very thin layers, the frequency in Eq. (4) is dominated by the second term which is determined by the pre-tension T . For a thick flake, the tensile strain induced by vibration is more important than the pre-tension. So the first term in Eq.(4) will dominate.
In the following discussions, the typical dimensions of the mechanical membrane are assumed to be (l, w, h)=(110 nm, 1 µm, 1.1 nm). The frequency of the fundamental flexural mode when there is no bias voltage is calculated to be about 2.07 GHz, and the zero-point fluctuation amplitude is about 0.14 pm. The initial distance between the membrane and the capacitor chip is important in order to achieve high coupling rate at small DC bias voltages. Here we assume the initial distance to be d = 10 nm. A bias voltage V dc can be tuned to achieve optimum coupling rates.
The elastic properties of freestanding 2D materials have been studied in several experiments. The relationship between the force and the deformation δ at the center of the doubly clamped structure is [33, 49] 
Because the membrane is very thin, a bias voltage will induce an electric field that can cause a dramatic deflection of the membrane. For a doubly clamped suspended membrane with a parallel bottom electrode that form a capacitor, the electrostatic force as a function of the bias voltage is given by [33, 50] 
The equilibrium position can be derived from Eq. (5) and Eq. (6) . The deformation will increase the tension T and change the mechanical resonance frequency as showed in Fig2(b). In this system, we can tune the mechanical resonance frequency by adjusting the bias voltage to match the frequency of a superconducting qubit. Typically, the frequency of a superconducting circuit is around 5 GHz [29, 30] . A 3.3 V bias voltage will cause a x = 2.4 nm displacement and can shift the mechanical vibration frequency from 2.07 GHz to 5 GHz to match the frequency of a superconducting qubit.
IV. ELECTROMECHANICAL COUPLING
As shown in Fig. 1 , the 2D membrane and the bottom electrode forms a capacitor C m (x). Its capacitance depends on the separation (d − x) between the 2D membrane and the bottom electrode. The vibration of the 2D membrane changes the value of C m (x), and thus couples to the microwave photon in the LC circuit. With another paralleled tuning capacitor C 0 , the total capacitance is C(x) ∼ = C 0 + C m (x). Here we assume C 1 C 0 + C m (x). So the effect of C 1 on the high frequency microwave signal can be neglected.
As discussed in the former section, a bias voltage V dc will be applied to the capacitor to tune the mechanical vibration frequency ω m of the 2D membrane to match the LC circuit's resonance frequency ω LC . The bias voltage will charge the capacitorsq = V dc C(x). In this case, the electromechanical coupling between the microwave photon and the mechanical phonon can be described by the Hamiltonian
where g em = Gx zpf q zpf and G =q
Thus the electromechanical coupling strength depends on the parameter G, which is proportional to the bias voltage V dc and C m (x)/C(x).
The strong electromechanical coupling works when ω m = ω LC . Assuming the inductor is L 1 = 1µH [39, 51] and the quality factor is Q LC = 50000, the total capacitor should be C = 1.3 fF to have a resonant frequency of 5 GHz. The electric damping rate will be Γ LC = ω LC /Q LC = 2π · 100 kHz.
The relationship between the electromechanical coupling rate (g em /2π) and the bias voltage is displayed in Fig.3 . When the bias voltage increases, the predisplacement x of the membrane and the chargeq will increase correspondingly. Thus the coupling rate improves. In this case, we find the single microwave photonphonon coupling rate can be about 250 MHz when the bias voltage is 3.3 V. We assume l = 110 nm, the width w = 1µm and the thickness h = 1.1 nm (corresponds to 3 layers). The graphene-based ultrathin mechanical resonator can achieve very high quality factor (> 10 4 ) in low temperature [33, 34, 39] . If the mechanical damping rate is 100kHz, the electromechanical cooperativity will be c em ≡ g 2 em Γ LC Γm = 6 × 10 6 , which is far larger than 1.
V. OPTOMECHANICAL COUPLING
In cavity optomechanics, the mechanical vibration of a mirror couples to photons by changing the length and the resonant frequency of a cavity [1] . In our case, the mechanical vibration of a membrane will change the lattice constant of the membrane, and thus shifts the frequency ω(x) of the optical transition |g ↔ |e of a single photon emitter in the 2D membrane. So the mechanical phonon of the 2D membrane can be coupled to optical photons by the strain effect. The zero phonon line (ZPL) of a single photon emitter in a 2D membrane is also sensitive to electric fields due to the Stark effect. In our proposed device ( Fig. 1(c) ), the vibration of the 2D membrane will change the electric field V dc /(d − x) between the membrane and the bottom electrode, and thus can couple to optical transitions of the single photon emitter by the Stark effect. The coupling between a mechanical vibration mode of the 2D membrane and the quantum emitter's electronic state can be described by a Hamiltonian
Here g om =x zpf ∂ω 0 (x)/∂x is the optomechanical coupling strength. We call it optomechanical coupling because a red sideband photon at frequency ω L = ω 0 − ω m is involved in this process, although it is not explicit in this Hamiltonian [22, 23] . The electronic transition between |g and |e will happen by absorbing a phonon at frequency ω m and a photon at ω L together.
A. Strain-Mediated Optomechanical Coupling
In this part, we consider a strain along the length direction caused by the bending of the doubly clamped membrane which has A 1 symmetry and preserves the C 3υ sysmetry of a defect center. An A 1 -symmetric strain preserves the degeneracy of E x and E y orbital states and uniformly shifts the energy of both states. Thus under a A 1 -symmetric strain, the ZPL will have a frequency shift without splitting. Experiments have investigated the spectral shift of single photon emitters in h-BN under different applied strain fields [20] . The studied emitters exhibited a wide span of emission energy shifts from −3 meV per 1% strain (meV/%) to 6 meV/% due to preexisting local strains. To evaluate the optomechanical coupling between the ZPL of a quantum emitter and the mechanical motion of a 2D membrane, we assume the shift coefficient of the ZPL under a strain field to be 5 meV/%.
The strain S applied on the 2D membrane is related to the relative elongation of the length of the membrane: S = ∆l l , where ∆l is the length elongation and l is the initial length of the membrane. If there is no initial deformation of the membrane, the strain fluctuation induced by the zero point fluctuation of the membrane is negligible because the elongation ∆l = 2( (l/2) 2 + x 2 zpf − l/2) ≈ 2x 2 zpf /l is a small second-order function of the the zero point fluctuation x zpf . With a bias voltage, there will be an initial deformation x 0 of the membrane which can be calculated from the equations (5) and (6) . Then the strain effect S = ∆l l ≈ 4x 0 x zpf /l 2 , which is 2x 0 /x zpf times of 2x 2 zpf /l. Here x 0 ∼ 2 nm can be more than one thousand times larger than x zpf = 0.14pm. In this case, the strain mediated coupling strength is
where S is the strain induced by the mechanical vibration. Here we calculate the strain-mediated coupling strength based on a single emitter in h-BN. As shown in Fig.4 , the single excitation coupling rate exceeds 2π × 3 MHz for a 2D membrane (l = 110 nm, w = 1µ m and h = 1.1 nm) when its initial displacement is 4 nm. This is relatively large compared to existing experiments [4, 7] . The optomechanical cooperativity due to the strain effect is c om1 = g 2 om1 /(Γ m κ) ∼ 1.8. However, the single-photon optomechanical coupling strength g om1 is still much smaller than the typical decay rate of the excited state of a single-photon emitter in a 2D membrane. The typical lifetime of the excited electronic state in h-BN is 3 ns, corresponding to the atomic decay rate of 2π × 53 MHz [19, 20, 31] . To achieve strong coupling by the strain effect, we can use a red-detuned laser to drive the system more than 20 times stronger than a single-photon field. As will be discussed in the following section, the Stark effect will be larger.
B. The Stark Effect-Induced Optomechanical Coupling
With a bias voltage V dc , there will be an electric field at the location of the single photon emitter for a three-layer 2D membrane as shown in Fig. 1(b) . The Stark effect of localized emitters in a monolayer 2D material has been studied recently. For an emitter in a WSe 2 monolayer, a spectral shift up to 21meV by a 4 × 10 8 V/m electric field was observed [40] . In our proposed system, the ZPF of the 2D membrane induces an electric field variation
2 , which can be quite high (∼10 kV/m). The coupling rate between the optical transition and the mechanical vibration induced by the Stark effect is given by
The Stark effect-induced coupling rate g om2 is much larger than the strain induced coupling rate g om1 . The Stark effect-induced coupling rate g om2 is plotted as a function of the displacement and bias voltage in Fig.5 . The optomechanical coupling rate is larger than 50 MHz when the bias voltage exceeds 2.5 V, and thus the system can reach the strong optomechanical coupling regime. Assuming the decay rate the the excited state |e is 53 MHz and the decay rate of the mechanical oscillator is 100kHz, the optomechanical cooperativity is c om2 = g 2 om2 /(Γ m κ) ∼ 500 when the bias voltage is 2.5V. 
VI. HIGH SPEED QUANTUM STATE TRANSFER
Most of optomechanical devices are hitherto in the limit of the weak single-photon optomechanical coupling regime, g om κ [4] [5] [6] [7] [8] [9] . In that case, a strong driving field is required to enhance the effective coupling strength, which results in a large average photon number and a low signal-to-noise ratio. Our proposed system uses a single-photon emitter in a 2D membrane to replace the optical cavity to mediate the coupling between an optical photon and a mechanical phonon. Thanks to the small mass of a 2D membrane and the relatively narrow ZPL of a single-photon emitter at low temperature, it is much easier to reach the strong coupling regime. The singlephoton coupling rate can be about 100 MHz, making it possible to realize high speed quantum state transfer under a weak laser driving field.
Here we consider the quantum state transfer from a microwave photon in the LC circuit to an optical single-photon pulse output. We assume that the system works at low temperature (<50 mK). So the electron orbital state |ψ e of the single photon emitter and the mechanical vibration mode |ψ m of the 2D membrane are initialized at ground states, i.e., |ψ e (t = 0) =|g and |ψ m (t = 0) =|0 . Then the LC resonator is prepared into state |ψ LC (t = 0) =|1 . The process aims to transfer the quantum state from |ψ e (t = 0) ⊗ |ψ m (t = 0) ⊗ |ψ LC (t = 0) =|g |01 to |e |00 . As spontaneous emission couples electron orbital state to the free-space continuum optical modes, once the electron state evolves into excited state |e , an optical photon may be spontaneously emitted from the transition |e to |g and the system will output a single-photon pulse. However, to simplify the calculation, as the strong coupling conditions are fulfilled, we can first derive the effective Hamiltonian by ignoring the decay and then take it back into consideration during the second part. Here a laser driving field is required. Its effect can be described by a Hamiltonian
where ω L is the frequency of the driving laser and Ω is the Rabi frequency. Applying the Schrieffer-Wolff transformation [22, 23] 
to the total Hamiltonian yields
The Hamiltonian in the rotating-wave frame is H = H 0 + H I , where
Here
ωm is the detuning between the driving laser and the optical resonance frequency. Transforming the Hamiltonian to the interaction picture and simplifying it by using the rotating wave approximation, we obtain the effective interaction Hamiltoniañ
We assume that the laser driving field is tuned to near the red phonon sideband of theḡ toē transition (∆ ≈ −ω m = −ω LC ). The last term in Eq. (16) oscillates rapidly in the interaction picture. So its average influence on the energy level of atom excited state |e can be ignored. Then, expandingH I in Eq. (16) by g/ω m and keeping only the near resonant terms, we can approximate the interaction Hamiltonian as
whereg om = Ω 2 gom ωm is the effective coupling strength between the electronic state of the single photon emitter and the mechanical vibration mode. Without loss of generality, we further assumeg om = g em = g c for simplicity of notation. If the system is initialized into the state |ψ e |ψ m |ψ LC = |g |01 , the quantum state will evolute within the subspace |g |01 , |g |10 and |e |00 . This Hamiltonian has three eigenstates which are
2 (|g |01 − |e |00 ). Then we get the quantum state of this system |ψ(t) =e
In the above simplified discussion, we neglect the coupling of the electronic transition |g ↔ |e to the optical photon output and other decay channels. Now we consider these decay channels. This system couples to three decay channels: the optical channel with decay rate κ, the mechanical channel with damping rate Γ m and the electric channel with damping rate Γ LC . Becasue of stimulated emission, the effective damping rate for each decay channel depends on the thermal occupation n i of the environment. The increase of stimulated emission will lead to the acceleration of dephase in this system, whose rate is proportional to the number of thermal quanta. So the effective decay rate takes the form (n i + 1)κ [9] , where the number of thermal quanta in each channel is given by n i = 1/(e ωi/k B T − 1). T is the temperature of the environment. At T = 50 mK,n 0 ≈ 0,n m = 0.008 and n LC = 0.008 when ω m = ω LC = 2π · 5GHz.
The photon output from the system will be at the resonant frequency ω 0 , which has a frequency shift ω m from the frequency of the driving laser ω L . This photon output is the result of the microwave-optical photon conversion. This means that the optical decay channel contains the information of the quantum state transfer, rather than leading to the loss in the process. The main channels leading to quantum decoherence are the mechanical dissipation and electric circuit dissipation, which are quite small since Γ m and Γ LC are much smaller than κ.
To qualify the coupling between the transition |g ↔ |e and single photon output through the optical decay channel, we introduce a to denote the one-dimensional freespace photon modes which couples to the atomic transition with coupling strength κ/2π. Using the method in Ref. [52] , the whole conditional Hamiltonian [53, 54] , including the mechanical decay and electric circuit decay, can be written in the following form in the rotating frame:
To solve the dynamics governed by the Hamilton (20), we can expand the state |ψ of the whole system into the following superposition:
where |vac denotes the vacuum state of the free-space photon mode a, and
represents the state (not normalized) of the single-photon output pulse. The coefficients c 1 , c 2 , c 3 and c ω are time dependent. At time t = 0, we have c 1 = 0, c 2 = 0, c 3 = 1 and c ωj = 0. After applying a red sideband driving laser at ω L , these coefficients changes with t. We need to compute the time evolution of these coefficients by substituting |ψ into the Schrödinger equation i ∂ t |ψ = H |ψ . For numerical representation of the Hamiltonian (20), we discretize the free-space field a(ω) by introducing a finite but small frequency interval δω between two adjacent modes. Then, we have about N = 2ω a /δω free-space modes in total. The j-th mode is denoted by a j whose frequency detuning from the central frequency is given by ω j = (j − N/2)δω. Here δω is much smaller than the inverse of the total evolution time T . The integral bandwidth ω a is much larger than the optical decay rate κ, but is much smaller than ω m to guarantee that there will be no change of the physical result by discretization. We rewrite the single-photon state as
Then we can obtain the following set of equations for coefficients c 1 , c 2 , c 3 and c ωj :
where the effective optical decay rate κ ≡ κδω/2π. We numerically integrating Eqs. (24)- (27) to obtain the solutions. In this system, the property we concern most is the fidelity of converting a microwave photon in the LC circuit to an optical single-photon pulse output. If the total quantum state is a pure state, the whole process of the quantum state transfer from electric circuit to an optical photon output is reversible, which means that the information in the electric circuit can be totally transferred to optical photons. However, the Hamiltonian (20) is not Hermitian because of the mechanical and electrical circuit decay terms −i Because of these two decay terms, the initial signal may be lost due to thermal dissipation by the 2D resonator or the LC circuit, which may lead to no optical photon output. To quantify the influence of these leakages, we introduce the possibility of quantum state evolution without leakage through the mechanical or LC decay channel:
which is the normalization coefficient of the total quantum state at time t. MHz, Γm/2π=100 kHz, ΓLC /2π=100 kHz. (b) Dependence of the fidelity Ftrans (blue solid curve) and the possibility Pn (red circles) on the atomic decay rate κ at 50 mK. Here the possibility Pn equals to the fidelity Ftrans, meaning that the fidelity has reached its maximum value. We assume that the coupling rate g is always tuned to match the decay rate κ.
Other parameters are the same as in (a).
T = 50 mK. The possibility P n for quantum state evolution without mechanical or electric circuit loss is larger than 99% when the coupling rate g matches the atomic decay rate κ as shown in Fig.6(b) . When the coupling rate is small, the efficiency of the state transfer is lower. When g c /2π = 5 MHz, about 10% of information is lost due to mechanical and electronic circuit dissipation ( Fig.6(a) ). The single-photon output through the optical decay channel is our signal, while all other dissipation channels contribute to the loss. Here we quantify the state-transfer fidelity by F trans , which is the normalization coefficient of the single-photon pulse state at the time t
In Fig.7 we show the fidelity as a function of the evolution time t with different coupling rates. The fidelity increases with evolving time, and eventually reaches its maximum when the fidelity F trans equals to the possibility P n . It is found that when the effective coupling rate largely surpasses other decay rates, G ∼ κ Γ m , Γ LC , the fidelity is over 99% as shown in Fig.7(b)-(d) . The dependence of P n and F trans on the system temperature and the decay rate κ is provided in Fig.8 . It shows that the fidelity can maintain a high value (> 95%) within a large scale of the temperature and optical decay rate (the coupling rate is assumed to be the same as the optical decay rate in Fig.8 ). It is worthwhile to notice that the fidelity maintains > 0.95 when the system works at 1K temperature. This is because our proposed system can do high-speed laser cooling of the mechanical resonator and the LC circuit [9] . The required evolution time to achieve high fidelity single-photon output (Ftrans > 0.95) as a function of the atomic decay rate κ at 50 mK. We assume that the coupling rate gc is always tuned to be equal to the decay rate κ. Other parameters are taken as Γm/2π=100 kHz, ΓLC /2π=100 kHz.
The speed of quantum state transfer is also important. A low transferring speed will make the whole process slow and lead to a poor fidelity. So we also calculate the dependence of the required evolution time to achieve a high state transfer fidelity F trans > 0.95 on the decay rate κ (we assume that the coupling rate is tuned to match the decay rate). As shown in Fig.9 , the required evolving time decreases significantly as the decay rate increases.
The above calculation considers the fidelity of converting a microwave photon in a LC circuit to an optical photon in free space. As in other optical systems, we will need to minimize additional losses to detect the generated optical photon efficiently. The bottom metallic electrode ( Fig. 1(a) ) will reflect photons emitted toward it. So most photons can be collected by a high numerical aperture (NA) objective lens above the 2D resonator. In Fig.  1(b) , photons emitted by the single-photon emitter needs to pass through the graphene electrode to be detected. The graphene will absorb 2.3% or more of the light [55] , which will reduce the overall fidelity. A doped semiconducting monolayer may replace the graphene electrode to minimize light absorption. To avoid light absorption by graphene, we may use the structure as shown in Fig.  1(c) . The device can be integrated with an optical cavity to further improve the efficiency of photon collection [56] .
VII. CONCLUSION
In this paper, we propose a scheme to realize high speed quantum state transfer between a microwave photon in a LC circuit and an optical photon in free space with a single photon emitter in an atomically thin 2D resonator. The 2D mechanical resonator couples an electric microwave photon to atomic ZPL with a coupling strength larger than 100 MHz. The conversion to a single photon pulse output can be realized by applying a weak driving laser at the red sideband of the atomic transition of the single-photon emitter. High speed quantum state transfer between a single microwave photon and a single optical photon with a fidelity larger than 0.95 can be realized. When the environmental temperature is relatively high (∼ 1 K), the red-detuned driving laser can cool and initialize the mechanical mode and the LC circuit to their quantum ground states, and maintain the high fidelity of the quantum state transfer of the transducer. 
The corresponding Langevin equations arė
where Γ m and Γ LC refer to the dissipation rates of mechanical membrane and the LC circuit. Here F th is the thermal noise force and V th is the thermal noise voltage. The equilibrium state is then characterized bȳ
